Stiffness of many materials follows Hooke's Law, but the mechanism underlying the haptic perception of stiffness is not as simple as it seems in the physical definition. The present experiments support a model by which stiffness perception is adaptively updated during dynamic interaction. Participants actively explored virtual springs and estimated their stiffness relative to a reference. The stimuli were simulations of linear springs or nonlinear springs created by modulating a linear counterpart with low-amplitude, half-cycle (Experiment 1) or full-cycle (Experiment 2) sinusoidal force. Experiment 1 showed that subjective stiffness increased (decreased) as a linear spring was positively (negatively) modulated by a half-sinewave force. In Experiment 2, an opposite pattern was observed for full-sinewave modulations. Modeling showed that the results were best described by an adaptive process that sequentially and recursively updated an estimate of stiffness using the force and displacement information sampled over trajectory and time.
In a highly influential book published in the nascent years of cognitive psychology, Neisser (1976) described perception as a repetitive cycle combining prior expectations, environmental exploration, and consequent sensory input, and the updating of internal representation. This characterization can be applied broadly, whether to spatial perception and navigation (Klatzky, Loomis, Beall, Chance, & Golledge, 1998) or to emotion as inferred from facial expressions (Ekman & Friesen, 1971) . More recently, this approach has been exemplified by Bayesian updating models that take into account the statistical characteristics of source information and continuously update a percept (Knill & Richards, 1996) . The conventional cue approach (Epstein, 1995) , on the other hand, focuses on identifying regularities in the stimulus as the informational basis for perceiving physical properties. In this study, we contrasted updating and cuebased approaches in the context of haptic perception of stiffness. This perceptual domain is particularly relevant, because stiffness is, in principle, an enduring property of a physical material; yet, its perception by touch occurs through active exploration over time, offering opportunities for cyclic sampling and adjustment of the perceptual estimate.
Stiffness is a ubiquitous property that applies to all solid objects, describing how strongly an object resists being deformed; it is something we assess when we sit on a sofa or pick up a marshmallow. In its simplest form, stiffness is calculated from Hooke's law as the ratio of the exerted force to a linear spring's displacement from its equilibrium position. This physical ratio has also been proposed as the invariant property underlying haptic stiffness perception (Gibson, 1966) , and hence Hooke's law is explicitly or implicitly assumed in many previous studies. For example, it has been suggested that stiffness is judged using the maximal force and displacement felt at the end of compression (Pressman, Welty, Karniel, & Mussa-Ivaldi, 2007; Tan, Durlach, Beauregard, & Srinivasan, 1995) or using a collection of force and displacement samples to estimate the regression slope (Nisky, Mussa-Ivaldi, & Karniel, 2008) . Here we evaluated the effectiveness of the force/ displacement ratio and related cues in stiffness perception. Simulations of nonlinear spring were used to manipulate target cues, which were created by superimposing small full-or half-sinewave forces onto linear springs. Two experiments showed that stiffness perception was significantly and systematically affected by nonlinear deviations. The results were then analyzed using five cuebased models along with a recursive updating model (see Table 1 for all models).
To understand how stiffness is haptically perceived, we begin with an analysis of sensory signals from receptors in the skin, muscle spindles, tendons, and joints that provide information regarding the forces exerted and also the hand, finger, or arm movements corresponding to the amount of displacement (Loomis & Lederman, 1986; McCloskey, 1978) . This study focused on the kinesthetic cues arising from voluntary action. Srinivasan and LaMotte (1995) showed that although stiffness of deformable surfaces might be perceived from the spatial pattern of pressure distribution within the contact area, kinesthetic information was needed for judging stiffness if the contact surface was rigid. Roland and Ladegaard-Pedersen (1977) reported that the ability to discriminate springs of different strength was little affected by local anesthesia of the skin or both the skin and joints. It seemed that muscle receptors and tendons could provide sufficient information for perceiving stiffness. Lederman and Klatzky (1987) showed that applying pressure to a surface in order to displace it was both the spontaneously adopted and optimal mode of manual exploration for stiffness perception.
Several models have been proposed to explain how stiffness is estimated from kinesthetic cues. As was noted, the most intuitive hypothesis is simply to apply Hooke's law, descriptive of physical springs, to stiffness perception. While the force/displacement ratio may be detected during any point of interaction, research has suggested that the force at the terminal displacement, which is the maximum force over the trajectory of compressing a physical spring, may be particularly informative. Pressman, Welty, Karniel, and Mussa-Ivaldi (2007) measured perceived stiffness using a forced-choice paradigm and then fitted eight candidate models to the behavioral data. They found that stiffness estimates were best described by "dividing the maximum force by the amount of penetration, measured from the point where the force is different than zero to the point where maximum force has occurred" (p. 1196). The importance of terminal-force/displacement is further indicated in a study by Tan, Durlach, Beauregard, and Srinivasan (1995) , where springs were compressed by a fixed or variable distance from trial to trial. The just-noticeable difference (JND) at a fixed distance, where terminal force was directly correlated with stiffness, was ϳ8%. It increased to ϳ22% under imposed exploration to variable distances that decoupled terminal force from stiffness.
The change rates of force and displacement may also be effective cues, given that muscle spindles measure not only the length of muscles but also the rate of length change. In a pioneer study on stiffness perception, Scott Blair and Coppen (1942) had their subjects squeeze rubber specimens for different periods of time ranging from 0.5 s to 4.0 s. The results showed a trend such that the longer the duration of squeezing, and hence the slower the rates of the force and displacement changes, the softer the judged stiffness. Lawrence, Pao, Dougherty, Salada, and Pavlou (2000) further suggested that perceived stiffness may be quantified by the rate-hardness, the ratio of the change rate of force to the velocity
They argued that the most useful information for judging stiffness arose from the initial contact. Han and Choi (2010) extended this concept, suggesting that the perceived stiffness might be anchored at the maximum ratio of the force speed to the displacement speed ͑max͓ df dt ⁄ dx dt ͔͒ . Although the researchers showed that the perceived hardness of virtual surfaces was better predicted by the rate-hardness, in either original or extended form, than by the physical stiffness, it should be noted that both definitions of rate-hardness still follow Hooke's law: The original rate-hardness measures the local slope (df/dx) of the dynamic force-displacement curve at the beginning of interaction (Lawrence, Pao, Dougherty, Salada, & Pavlou, 2000) while the extended rate-hardness measures the steepest slope (Han & Choi, 2010) .
The models we have discussed so far all use single samples of force, displacement, or their speeds to estimate stiffness, thereby limiting the accuracy and precision of stiffness estimate owing to This article is intended solely for the personal use of the individual user and is not to be disseminated broadly.
noise in the sensory system. One way to reduce noise effects is to combine information across multiple samples. For example, Nisky, Mussa-Ivaldi, and Karniel (2008) suggested a model that used all force and displacement information acquired during interaction to estimate the perceived stiffness as the regression slope relating force to displacement. van Beek, Heck, Nijmeijer, Bergman Tiest, and Kappers (2016) described perceived stiffness under the influence of viscous friction in terms of the adjusted rate hardness, the slope of the linear regression of force-changing rate on deformation speed along the trajectory. Tan et al. (1995) suggested that the exerted work, defined as force integrated over the displacement trajectory, could be used to discriminate stiffness. The observed JND was as high as 99% in their Experiment 3, in which work was equalized and the terminal-force cues were also dissociated from stiffness. But it should be noted that work is only a relative cue that allows discrimination but not absolute stiffness identification: The same amount of work could be produced by compressing springs of different stiffness by different amounts. Consistent with this, Di Luca, Knörlein, Ernst, and Harders (2011; Experiment 3) showed that the perceived stiffness was better estimated by using the average values of force/displacement instead of work. They further examined the integration of information acquired from the loading and unloading phases of interaction. Their results showed that much more reliable information was obtained from loading rather than unloading (16.8% vs. 34.8% for loading and unloading JNDs, Experiment 2). Mathematically, the perception of stiffness can be considered as a parameter estimation problem in order to find a stiffness value that best relates the perceived force to the perceived displacement. While stiffness is estimated by simply averaging the force/displacement ratio data in the two multiple-sample models (Di Luca et al., 2011; Nisky et al., 2008) , research has demonstrated that information processing in perceptual systems can be quantitatively described by statistical models (Knill & Richards, 1996) . A commonly used model is the Maximum Likelihood Estimator (MLE), in which individual estimates are linearly combined using weights proportional to their reliabilities (i.e., the reciprocal of their variance). Previous studies have demonstrated that the MLE model describes the integration of cues within a sensory modality, for example, visual depth cues such as texture, motion, and stereo disparity (Johnston, Cumming, & Landy, 1994; Knill & Saunders, 2003) and also the combination of information across sensory modalities, for example, visual with vestibular (Butler, Smith, Campos, & Bülthoff, 2010 ), visual with proprioceptive (van Beers, Sittig, & Gon, 1999 , and visual with auditory (Alais & Burr, 2004) . For stiffness perception, although it remains unclear whether haptic signals are optimally integrated with inputs from other sensory modalities such as vision or audition (Drewing, Ramisch, & Bayer, 2009; Gurari, Kuchenbecker, & Okamura, 2009; Kuschel, Di Luca, Buss, & Klatzky, 2010) , the MLE model has been found to hold for the visual judgment of stiffness using temporal and spatial cues (Wu, Sim, Hibbard, & Klatzky, 2014) . It is also used to describe the integration of information that is acquired from loading and unloading interactions (Di Luca et al., 2011) .
Note that the MLE model is a special case of Bayesian estimation (Ernst, 2006) and in engineering, it is often implemented in the form of a recursive filter, such as a Kalman filter (Kalman, 1960) . In the spirit of this approach, we propose an adaptive model, in which an initial estimate of stiffness is formed from minimal input and then recursively updated with new force and displacement information. Recursive updating has been used to explain visual tracking (Saunders & Vijayakumar, 2012) , motor control (Izawa, Rane, Donchin, & Shadmehr, 2008) , and force estimation (Kording, Ku, & Wolpert, 2004) . Critical to these methods is the updating strategy that guides the estimate to the true value with decreasing variance as data accumulates. Two common problems to be considered are taking into account variability in prior data and handling anomalous outliers. In the proposed model, we assume that the haptic perceptual system is able to accumulate statistical information such as the mean and variability of sensory data (as in, e.g., Saunders & Vijayakumar, 2012 ). The statistical information is then used to linearly combine new data with the estimate: New data are weighted less as they deviate more from the current estimate, and as the historical reliability of the system decreases, as explained in detail below.
The Recursive Updating Model
Consider a noise-free linear spring that is gradually compressed or released along its axis (see Figure 1) . At any point of interaction, denoted by the subscript i, the spring's stiffness can be derived from the perceived force and displacement according to Hooke's Law:
However, this assumes not only a noise-free spring but also noise-free measurement. To the contrary, in human perception the precision of the estimate is limited by noise in the force and displacement signals. To increase precision, we suggest that, as has been demonstrated in visual and auditory processes (Andersen & Bradley, 1998; Heekeren, Marrett, Bandettini, & Ungerleider, 2004; Townsend & Ashby, 1983 ), a stiffness estimate K i evolves over time by recursively combining successive k i (i.e., observed stiffness) values over successive steps. Each step i begins with an estimate of stiffness and a new stiffness input, and the two sources of information are linearly combined to produce an updated percept:
where K iϪ1 and K i denote, respectively, the previous and updated estimates of stiffness, k i specifies the current stiffness input, and w and (1 Ϫ w) are the combination weights. Mathematically, the above model is an exponential regression on k 1 . . . i . To illustrate this, we rewrite it as:
Different choices of w produce different outcomes. When w ϭ 0, no updating occurs and the final estimate is anchored at the initial perceptual value. At the other extreme, when w ϭ 1, the estimate is always replaced and the final outcome is determined only by the terminal force/displacement. Alternatively, the simplest way to calculate an estimate using all data may be the arithmetic average of previous inputs k 1 . . . i . This can be done by This document is copyrighted by the American Psychological Association or one of its allied publishers.
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assigning w to the reciprocal of the number of data counts (i.e., 1 i ) at each step.
Our recursive model takes a Bayesian approach, as has been done in Di Luca and Ernst (2014) , to adaptively and recursively calculate w at each step. The current estimate derived from k 1 . . . iϪ1 is considered as a prior, which sets an expectation for force at the next level of displacement. The weight w is then determined by taking into account (a) how reliable the old estimate is and (b) how valid a new input is. The reliability of the old estimate is quantified inversely to the standard deviation () of its source data (i.e., k 1 . . . iϪ1 ) as in Ma, Zhou, Ross, Foxe, and Parra (2009) . As to the incoming observation k i , its validity is assessed by its deviation from the current estimate, ⌬ ϭ ͑k i Ϫ K iϪ1 ͒: In effect, substantial deviations are largely attributed to an effect of noise rather than a sudden change in the stimulus. Here the validity and reliability are combined into a measure of confidence using the z-score (i.e., z ϭ ͑ ⌬ ͒), the deviation from the old estimate in standard deviation units, and w is then set proportional to ͑ 1 1ϩ|z| ͒, a weighting function that gradually decreases from 1 to 0 as k i deviates further and further from the old estimate K iϪ1 . As shown below, the full model, where ␣ is the proportionality constant for w, is:
Briefly, our model can be seen as a low-pass recursive filter, which adaptively changes its filtering weights and recursively computes an estimate of stiffness. As compared with other approaches such as the regression of temporally distributed samples, one advantage of our model is that it imposes minimal memory demands: The system does not store the full history of prior estimates for later combination, and all that must be in memory at the current step in order to compute K i are three values: the previous estimate K iϪ1 , the number of observations (i), and the ongoing standard deviation () of the observations.
Plan of the Study
In this study, we compared the recursive updating model in contrast with five other models (see Table 1 ). Specifically, we asked if stiffness judgments relied on a single sample of the force/displacement ratio from some point along the trajectory, and if not, how force/displacement information was combined over trajectory and time. Previous efforts to differentiate mechanisms underpinning stiffness perception have been hampered by the essential characteristics of a linear spring: The force, displacement, and their change rates experienced during interaction are perfectly correlated, making it impossible to isolate and assess individual cues. Two techniques have been used to break this forcedisplacement coupling. One way is to temporally desynchronize the two sources of information (e.g., Pressman et al., 2007 delayed the force feedback relative to hand motion). One concern with such an approach, however, is that asynchrony may cause sensory conflicts, changing the effective cue structure. Thus another, probably superior, way to dissociate the cues is to manipulate the force-displacement profile, an approach used by Tan et al. (1995) as described above.
The use of a high-bandwidth force-feedback device (Hollis, 1989 ) makes it possible to construct a novel testbed to study how stiffness is perceived. In particular, the device can render force-displacement profiles with arbitrary shape, enabling us to avoid the correlations among cues found with linear springs. Figure 2 shows the forcedisplacement profiles that were designed and used in two experiments. In addition to linear springs, nonlinear springs were created by modulating a linear spring with a low-amplitude sinusoidal waveform of force. In Experiment 1, a half-cycle sinusoidal force, positive or negative, was added to a linear spring. In Experiment 2, the nonlinear modulation was performed using full-cycle sinusoidal forces. Moreover, the amplitude of a full-sinewave modulation was half that of the half-sinewave counterpart so that the initial and maximum force/ displacement slopes were matched in two experiments. This document is copyrighted by the American Psychological Association or one of its allied publishers.
By using nonlinear virtual springs, we were able to experimentally manipulate some proposed cues to stiffness so as to test those cue-based models. Table 1 summarizes the predictions generated from different models (M1-M6). For example, terminal force (M1) is equalized for all types of virtual springs, and therefore no differences in perceived stiffness are expected if this cue was used. The extended rate-hardness model (M4) predicts that the sinemodulated virtual springs should differ from a linear virtual spring, as they have larger maximum force/displacement slopes, but there should be no effect of sinewave polarity in either experiment, as the maximum slopes differed only in location and not magnitude. Other cue assumptions predict effects of polarity, depending on experiment. In Experiment 1, the half-sinewave modulation increased (if positive polarity) or decreased (if negative polarity) the mechanical work required to compress a virtual spring, while in Experiment 2, the full-sinewave modulation equalized total work. Accordingly, the work cue (M2) predicts a polarity effect in Experiment 1 but not Experiment 2. In contrast, if perceived stiffness was judged using the initial force/displacement slope as in the original rate-hardness model (M3), it would be positively or negatively biased, respectively, for positively-and negatively modulated virtual springs, and this would hold for both experiments.
The manipulations provided by nonlinear virtual springs also allowed us to test the regression versus recursive models. Consider the full-sinewave-modulated virtual springs in Experiment 2, for example. Their force-displacement profiles were perturbed, and the perturbations were symmetrically distributed around the linear stiffness. Accordingly, the regression model (M5, Nisky et al., 2008) or the adjusted rate hardness model (van Beek et al., 2016) that is based on the same principle but runs a regression of the rate of force-change ͑ df dt ͒ on the speed of displacement ͑ dx dt ͒ predicts little changes in the slope of the force-displacement regression. In contrast, our recursive model (M6) predicts significant perceptual effects. Note that at each step of recursive updating, each observation k i is incorporated into the updated K i with a weight generally less than 1. Thus, the impact of old data on the final estimate becomes less as the number of observations progresses, and the outcome reflects more on the force and displacement felt at later rather than initial phases of interaction. Accordingly, our model predicts that stiffness will be decreased (or increased) by a positive (or negative) full-sinewave modulation. More importantly, it uniquely predicts opposing effects of polarity for full-sinewave versus half-sinewave modulations, as the full-sinewave modulations reversed the polarity in the second half cycle.
Experiment 1: Subjective Stiffness of Half-Sinewave-Modulated Springs
A magnitude estimation task measured the study participants' perception of stiffness of virtual nonlinear springs, created by modulating a virtual linear counterpart with half-cycle-sinewave forces. As explained in the previous section, such modulation changed the exerted work, the initial force/displacement slope, and the pointwise stiffness perceived at any trajectory point, depending on the sinewave's polarity. On the other hand, the terminal force remained unchanged, and the maximum force/displacement slope would be the same regardless of the sinewave's polarity. Depending on the effective cues, half-sinewave modulation and polarity would alter participants' judgments of stiffness for the nonlinear virtual springs. In addition, the force modulation altered the statistical distribution of force/displacement samples, accordingly leading to different predictions by different models where multiple samples are considered (see Table 1 ). Figure 2 . Force-displacement profiles of the linear and nonlinear virtual springs used as the experimental stimuli. Note that the amplitude of a full-sinewave modulation was half that of the half-sinewave counterpart so as to match the initial and maximum force/displacement slope. This document is copyrighted by the American Psychological Association or one of its allied publishers.
Method
Participants. Eighteen undergraduate students, eleven males and seven females with an average age of 19.6 (SD ϭ 1.5) years, participated in the experiment with informed consent. Note that the same participants took part in Experiment 2, and the order of testing was counterbalanced; hence the overall design of this study was within-subject. The sample size was calculated at a significance level of 0.05 and a power of at least 0.80 using G ‫ء‬ Power (Faul, Erdfelder, Lang, & Buchner, 2007) , based on the smallest (Cohen's f 2 ϭ 0.28, estimated from Tan et al.'s 1995 Experiment 2A) of the effect sizes reported in Han and Choi (2010) , Lawrence et al. (2000) , Tan et al. (1995) , and our previous work (Wu, Klatzky, & Hollis, 2011; Wu et al., 2015) . To eliminate the possible effects of handedness, all participants were right-handed by self-report. They were naïve to the purposes of this study.
Stimuli and apparatus. The experimental stimuli were simulations of virtual linear or nonlinear springs that were produced by using a Maglev-200 haptic interface (Model# Maglev-200, Butterfly Haptics LLC., Pittsburgh, PA, http://www.butterflyhaptics .com) to render the predetermined force-displacement profiles at an update rate of 1000 Hz. The Maglev-200 device uses the Lorentz forces produced by six current-carrying coils to levitate a hemispherical flotor attached with a handle in a strong magnetic field (Hollis, 1989; Hollis, Salcudean, & Allan, 1991) . The advantages of this device are that it has very fine spatial resolution (2 m), high mechanical response bandwidths (140 Hz position bandwidth and 2.5K Hz force bandwidth), large force output with high resolution (up to 40 N in the vertical direction with a resolution of 0.02 N), and is free of static friction because there are no motors, gears, bearings, cables, or linkages present. It is capable of simulating virtual stiffness from 2 to 50,000 N/m. The total mass of its handle/flotor is ϳ500 g: The estimated value ranged from 498 g to 539 g with a SD of 17 g, as reported in Klatzky et al. (2013) . In addition, there is a built-in damping (ϳ7.5 Ns/m) in the control system. While some hysteresis results from both sources, the hysteretic effects are quite small as compared with the simulated elastic effects, as shown in Figure 3b . Thus, the temporal asynchrony between the force and displacement signals is negligible.
In this study, the haptic device was connected to a control computer through a 100 Mbps Ethernet cable, through which commands were sent to generate the desired haptic effects. Here all simulations of virtual springs were one-dimensional (1D): They could be compressed or released only in the vertical direction. (The translational motion was restricted in the other two dimensions with a simulated translational stiffness of 5,000 N/m, and the hand rotation was restricted about all three axes with a rotational stiffness of 3 Nm/deg.) Participants were instructed to feel the simulations by grasping and moving vertically the handle of the Maglev device. The displacement of the handle/flotor was calculated relative to a predetermined resting position and used to generate a force output based on a predetermined force-displacement profile. The compression range was 20 mm for virtual simulations, although it was visually restricted to 15 mm as explained below.
To prevent participants from using visual cues, the hand and the haptic device were covered with a cardboard box (see Figure 3a) . Visual feedback was provided only for participants to control their hand interactions with simulations, as follows: The handle of the haptic device was represented by a green dot in an animation, which grew in proportion to the handle's downward motion (i.e., the compression of a virtual spring). The limit of hand motion was indicated by a red ring surrounding that dot. Participants were instructed to press the handle until the expanding green dot touched, but did not exceed, the red ring. To prevent them from visually estimating the amount of hand motion, the size of the ring, and the expanding rate of the dot varied randomly across simulations and trials. Thus, even supposing virtual springs were always compressed using a constant hand-motion pattern, the interaction would be seen differently across trials, providing little useful This article is intended solely for the personal use of the individual user and is not to be disseminated broadly.
information concerning the virtual spring's stiffness or how much it had been compressed. As shown Figure 2 , three types of virtual springs were simulated. A linear virtual spring exerted a resisting force proportional to the amount of compression. The nonlinear virtual springs were created by modulating a linear virtual spring with a positive or negative half-cycle sinewave component (see Eq. 5).
where f denotes the produced force, k the simulated linear stiffness, d the displacement of the haptic device's handle, and d max the maximum displacement of the handle. Beyond d max , the force was held at the maximum of (k · d max ). The magnitude of the half-sine force was determined using a pilot experiment, in which six naïve subjects were first trained with a set of linear and obviously nonlinear virtual springs of different stiffnesses with haptic feedback in a categorization task. Next, they were asked to classify virtual springs with different amounts of force modulation as linear or nonlinear and the threshold of classification was measured. The magnitudes of the half-sine and full-sine modulation (see Eq. 5 and Eq. 6) were chosen below the average threshold. As confirmation, at the end of the main experiments, a series of simulations was replayed for each subject, who was asked to label it as linear or nonlinear (with intuitive definitions provided). The replays were 10 stimuli at two levels of stiffness sampling (125 N/m and 500 N/m) linear and half-/fullsinewave virtual springs, the latter at both polarities. No systematic pattern was seen in the classifications, with about half randomly classified as linear (vs. the 20% actually linear).
Design and procedure. A 3 (Spring-Type: linear, positivehalf-sinewave, negative-half-sinewave) ϫ 4 (Linear-Stiffness: 125, 250, 375, or 500 N/m) two-factor design was implemented, producing a set of 12 simulated stimulus springs. All simulated springs had a maximum range of compression of 15 mm, accordingly producing a maximum force of 1.875-7.500 N. Each virtual spring was measured three times and the average was taken as the final measurement. In addition, 18 dummy trials were interspersed within these experimental trials to increase the variability and unpredictability of the stimulus set: The stimulations in those trials were linear springs with stiffness of 50 -900 N/m, which effectively increased the range and variability of estimations, and their compression range varied from 6 to 13 mm, which was used to prevent participants from discovering the experimental trials' range setting. These dummy trials were not included in any analyses. A total of 54 trials were tested in randomized order for each participant.
Participants were tested individually using a magnitudeestimation procedure. On each trial, a pair of simulations was presented sequentially, a reference and a stimulus. The reference was always a linear virtual spring with a stiffness of 100 N/m. The stimulus could be a linear or nonlinear virtual spring. The two virtual springs were identified with numbers and the reference was always presented first. The participant actively explored the two virtual springs, compressed them to the full range, and compared their stiffnesses. He or she could switch between the two virtual springs as many times as desired, and then rated the stimulus' stiffness relative to the reference by assigning a number compared with 100. In order to familiarize participants with the task, the procedure was first demonstrated using two real springs, and then eight practice trials were run, using the same procedure as the subsequent experimental trials but with virtual springs outside the stimulus pool. No feedback was given on the accuracy of judgments during either practice or experimental trials. Each trial usually took less than 30 s to complete, and the entire experiment, including practice trials and instructions, lasted about 30 min. Figure 4 plots the mean stiffness estimation, averaged across all participants, as a function of the simulated linear stiffness for the three types of virtual springs. Clearly, the addition of a half-cycle sinewave force, although small in amplitude, influenced stiffness judgments. As compared with the counterpart linear springs, the negatively modulated springs felt weaker, while the positively modulated springs felt stronger. Moreover, because the amplitude of the nonlinear component was proportional to the linear stiffness (see Eq. 5), its effects on the subjective stiffness increased with the simulated linear stiffness.
Results and Discussion
A two-way repeated measures ANOVA was conducted with spring-type and linear-stiffness as within-subject variables. Significant main effects were observed for both spring- type, F(2, 34) Figure 4 . Means of the stiffness estimates for three types of virtual springs. In this experiment, the nonlinear virtual springs were created by modulating linear virtual springs with positive or negative half-cycle sinewave force (see the insets for the force-displacement profiles). Error bars denote between-subjects standard error. This document is copyrighted by the American Psychological Association or one of its allied publishers.
This article is intended solely for the personal use of the individual user and is not to be disseminated broadly. Examination of Table 1 reveals that the present results are consistent with several of the models described in the introduction, but with two notable exceptions. One excluded hypothesis is that the perceived stiffness is based on the terminal force felt at the end of interaction (M1). Given that participants were guided to compress the virtual springs, linear or nonlinear, to the same end-point, the same amount of terminal force was exerted in all cases, and under the hypothesis, the different types of virtual springs should be judged equal in stiffness. It was noticed that even with training and clear instructions, participants often compressed the virtual springs slightly more or less than the specified maximum. While this produced a degree of variability in the terminal force, it could not account for the large, systematic effects observed in stiffness estimates. For example, the positively modulated spring of 500 N/m was overestimated by 62% on average as compared with the negatively modulated counterpart.
The results also offered no support to the idea that the perceived stiffness was anchored at the maximum force/displacement slope (extended rate-hardness model, M4). It can be seen in the forcedisplacement profiles (see Figure 2 ) that while the addition of a half-sinewave force increased the maximum force/displacement slope, the negative and positive modulations produced the same maximum slope but at different locations: at the beginning of interaction for the positively modulated virtual springs versus the end of interaction for the negatively modulated virtual springs. The extended rate-hardness model predicts overestimation of stiffness regardless of the polarity of modulation, contrary to the results observed here.
Experiment 2: Subjective Stiffness of the Full-Sinewave-Modulated Springs
In this experiment, the nonlinear springs were created by modulating linear springs with full-cycle sinewave forces (see Figure 2 for the force-displacement profiles), providing further comparisons to competing models in Table 1 . As in Experiment 1, terminal force was equalized for the linear and nonlinear virtual springs, so the terminal-force model (M1) predicted no effects of the modulation. Moreover, because the negative and positive phases of a full-sine force would do equal and opposite work, the force modulation would not change the net amount of work required for compressing a virtual spring regardless of its polarity. Accordingly, the work hypothesis (M2) predicted no effects. In addition, the regression model (M5) also predicted little changes in the force/displacement slope because the perturbations produced by the full-sinewave modulations were symmetrically distributed around the linear stiffness.
In contrast, the rate-hardness models (M3, M4) and the recursive updating model (M6) suggested that perceived stiffness would be significantly affected by full-sinewave modulations. Note that the amplitude of the full-sine forces was half that of the corresponding half-sine forces used in Experiment 1, equalizing the initial and maximum slopes in the force-displacement profiles for the two sets of nonlinear virtual springs. Accordingly, the rate-hardness models based on the initial or maximum force/displacement slope (M3, M4) predicted that full-sinewave forces would produce comparable effects on perceived stiffness as those half-sinewave forces in Experiment 1. Only the recursive updating model (M6) uniquely predicted that full-sinewave modulations would not only affect stiffness perception but also show opposite effects of polarity as observed in Experiment 1 with half-sinewaves, given that full sinewaves changed polarity in the second half-cycle (see Table 1 ).
Method
Participants. The same 18 participants from the previous experiment were tested using the same paradigm so that the results of this and the previous experiments could be compared. The two experiments were presented as two sessions with a 10-min break in between to encourage the participants to use the same strategy in both experiments, and the test order was counterbalanced to preclude carryover effects of bias from either nonlinear pattern. To check the consistency of stiffness judgments, we compared the estimated stiffness across the experiments for the same set of virtual linear springs using a 2 ϫ 4 (Experiment ϫ Stiffness) repeated measures ANOVA and found no significant differences, F(1, 17) ϭ 1.62, p ϭ .22, p 2 ϭ 0.08. Experimental stimuli and procedure. The experimental setup and procedure were identical to those used in the previous experiment. The four linear virtual springs were the same, and the only change was the modulation pattern of the nonlinear virtual springs. As shown in Figure 2 , the nonlinear springs were modulated with a full sinusoidal function with a period of 2/d max (cf., a half sinusoidal function with a period of /d max in Experiment 1). In addition, as shown in Equation 6, the amplitude of the full-sinewave was halved to match the force/displacement slope in the full-sine and half-sine virtual springs at the beginning and end of the trajectory.
The same 3 (Spring-Type: linear, positive-full-sinewave, negative-full-sinewave) ϫ 4 (Linear-Stiffness: 125, 250, 375, or 500 N/m) two-factor design was used, and each virtual spring was measured three times. As in Experiment 1, 18 dummy trials were included, constituting a total of 54 trials. The simulations in those dummy trials were virtual linear springs with stiffness of 50 -900 N/m and compression range of 6 -13 mm. These trials were not included in data analysis. This document is copyrighted by the American Psychological Association or one of its allied publishers.
Results and Discussion
As shown in Figure 5 , the perceived stiffness was clearly influenced by the full-sinewave force component. Notably, the pattern observed here directly contrasts with that shown in Figure 4 . Whereas the modulation by a positive half-sinewave force made a virtual linear spring to feel harder in Experiment 1, here the positive-full-sinewave virtual springs were judged softer than their linear counterparts.
A two-way repeated measures ANOVA found significant main effects for both spring- type, F(2, 34) The above findings were clearly in conflict with the predictions of the cue-based models. The full-sinewave modulation had the result of equalizing several cues across polarity values: total work, terminal force, and maximum force/displacement slope (though at different points in exploration) as advocated by the extended rate-hardness model. Hence the models relying on those cues (M1, M2, and M4) predicted null polarity effects of the modulation, contrary to the data. The current results also argued against the rate-hardness model (M3), as the initial slope of the force/displacement curve was matched across half-and full-sine modulations but the effects differed. The findings were also inconsistent with the regression model's (M5) prediction that perceived stiffness should not be affected.
The results of the two experiments were uniquely consistent with the recursive updating model's predictions. The recursive updating model proposes that an estimate of stiffness is continuously updated, and the accumulated statistical information such as the mean and variability of force and displacement inputs is used to determine how to incorporate new force/displacement information into the estimate. The model predicts that the later trajectory will carry more weight in parameterizing stiffness, as more observations have been accumulated to produce more reliable statistics. Thus, it predicts qualitatively different trends in stiffness judgments for positive versus negative half-or full-sinewave modulations, as shown in Table 1 . The model goes beyond these qualitative predictions to make precise quantitative predictions for each type of spring and linear stiffness value, as presented below.
As indicated in Equation 4, the model was fit to the current data with a single free parameter, the proportionality constant ␣, by capitalizing on psychometric data in the literature. Previous studies have reported that perceived force and displacement are related to the physical counterparts through power functions (Stevens, 1957) , with estimates of exponents between 0.8 and 2.0 for force perception (see Jones, 1986, for review) and exponents between 0.8 and 1.2 for haptic perception of length (Lanca & Bryant, 1995; Seizova-Cajic, 1998; Teghtsoonian & Teghtsoonian, 1965) . The average exponents of 1.4 and 1.0 were used, respectively, for describing the perceived force and displacement in Equation 1. Next, a stiffness estimate was progressively calculated along the loading trajectory using Equation 4 because the most useful information for stiffness judgments is obtained during the loading rather than unloading interaction (Di Luca et al., 2011) . For simplicity, a fixed step of 0.5 mm was used to update displacement, force, and stiffness estimate. We also simply assumed that the initial estimate K 0 was 0 at the beginning for zero force and displacement. Thus, in Equation 4, the only undetermined parameter was ␣, which was determined by looking for the maximum correlation between the mean reported and estimated stiffness across the entire set of spring stimuli used experimentally. Lastly, for comparison with the behavioral data that were estimated by participants using a reference linear simulation of 100 N/m as the baseline of 100, the model output was normalized by dividing by the K value of a linear spring of 100 N/m and then multiplying by 100. The best-fit ␣ was found to be 0.082, which yielded an r 2 ϭ 0.98, p Ͻ .001, of the estimated stiffness to the reported stiffness across all linear and nonlinear springs. The final model is shown in Equation 7 and the fit to the data in Figure 6 .
General Discussion
While physical stiffness is determined by Hooke's law, researchers have speculated on the psychological counterpart: how Figure 5 . Mean stiffness estimates for three types of virtual springs. In this experiment, the nonlinear virtual springs were created by modulating linear virtual springs with positive or negative full-cycle sinewave. Error bars denote between-subjects standard error. This document is copyrighted by the American Psychological Association or one of its allied publishers.
subjective stiffness is derived by the haptic system from the sensed force and displacement. In many previous studies, the force/displacement ratio and related cues were proposed to account for stiffness perception. The present study was designed to investigate how subjective stiffness arises out of kinesthetic sensing. We used virtual nonlinear springs as the stimuli to disassociate haptic force and displacement information so as to manipulate target cues, test their effectiveness, and contrast the cue-based and updating-based approaches to stiffness perception. Two magnitude-estimation experiments found systematic effects of force modulation on judgments of stiffness, and the patterns were systematically determined by the waveform (half-cycle vs. full-cycle sinewave) and polarity (positively vs. negatively modulated) of the sinusoidal force modulation (see Figures 4 and 5) . As summarized in Table 1 and discussed in conjunction with the experimental results, we tested predictions from five cue-based models and found none could explain the present findings. Only our recursive-updating model could distinguish the effects of systematic versus random perturbations and account well for the experimental results, not only qualitatively but in quantitative detail while using only a single free parameter. A key feature of the model is its reliance on the sequential sampling structure of the force/displacement data. As Gibson has pointed out, stiffness "could be detected only over time" (Gibson, 1966, p. 128) . However, consideration of time does not necessarily mean capitalizing on temporal regularity. A regression model, for example, treats the force/displacement samples as independent observations that could occur in any temporal order. In contrast, the updating-based approach readily accommodates properties that systematically vary over time: In our model, the sequential information is preserved by recursively and cumulatively computing a stiffness estimate over the course of exploration. We suggest that this moment-to-moment updating characterizes the human perceiver more generally.
Although the recursive updating model was developed for describing the perception of stiffness through dynamic interaction, it is reasonable to suggest that similar mechanisms may operate for other sensory modalities. Previous research has shown that visual and auditory perception relies on the accumulated information over time, and sensory signals are processed as time series to recursively and eventually develop perception (Andersen & Bradley, 1998; Heekeren et al., 2004; Townsend & Ashby, 1983) . While the weighting function used to incorporate new information may vary for different tasks in different sensory modalities, numerous studies have shown that our brain follows Bayesian principles for a broad range of perceptual problems. Moreover, Bayesian mechanisms may also be extended into multisensory perception. For example, the MLE model has been successfully applied to describe the integration of visual, auditory, vestibular, and haptic senses over time (Ernst & Banks, 2002; Irwin & Andrews, 1996) . For the visual-haptic perception of stiffness, Di Luca et al. (2011) reported that the integration of information over loading and unloading interaction phases followed this approach, and a much less weight was assigned to the unreliable unloading estimate (0.22 vs. 0.78, respectively for unloading and loading estimates in that study). Here we used Bayesian rules to recursively and adaptively update the stiffness estimate, but the present model did not use the MLE formula because the variance could not be estimated from a single new observation and used as a parameter when the observation was integrated into an existing estimate at each step. Although our current weight function (see Equation 7 ) worked quite well, other functions may work as well as or better and we will explore different integration strategies in the future.
The present model may explain previously observed differences (Di Luca et al., 2011) in the perceived stiffness from loading versus unloading interactions with springs (force increases and decreases, respectively). The same force/displacement information is acquired from the two types of interaction but in reverse order. Consider the unloading of a compressed spring: The force gradually decreases from a strong initial value to zero at the end. The sensation of weak force is known to be intrinsically noisier than strong, as indicated by significantly increased JND (Jones, 2000) . That is, unloading stiffness is estimated from the sensory inputs that are relatively more reliable at the beginning but increasingly unreliable at the end. According to our recursive updating model, the stiffness estimates at the end phase will impact more on the final percept than the strong forces sensed initially, and their variability may significantly increase the random deviation from previously perceived stiffness. This may explain the larger JND observed for unloading than loading interactions (34.8% vs. 16.8% reported in Experiment 3 of the Di Luca et al., 2011 study).
Since nonlinear virtual springs were used in these studies, one may question whether our results were mediated by perception of the departures from linearity. Tests of this idea showed that it was unlikely that force modulations were consciously perceived and used to accordingly adjust the reported stiffness. As explained in the Method of Experiment 1, the amplitude of sinusoidal forces was determined to be subthreshold in a pilot experiment, and furthermore, the inability to discriminate linear from nonlinear springs was confirmed by testing subjects at the end of the main experiments. We believe that the observed effects of force modulation bring to light the mechanism of stiffness perception. This document is copyrighted by the American Psychological Association or one of its allied publishers.
We simulated our model here using a fixed step of 0.5 mm to update displacement, force, and stiffness estimate, and we assumed that the step count was accurately incremented. These regularities were merely for computational convenience and simplicity. Actually, i can be coarsely estimated, and the model is able to work with a variable sampling step or interval over a wide range, due to the adaptive capacity of the recursive updating process: The process accumulates information in an incremental manner and takes a Bayesian approach to decide the relative weight of a newly coming data by considering both the statistical distribution of old data and the deviation of the new data from the current estimate. Even though variability in the force/displacement data may arise from sampling irregularities or coarse timing, the impact on the final stiffness estimate is effectively reduced by assigning lower integration weights to the less-reliable data. We have run simulations to test this with variable steps of different levels of irregularity. The results show that the model's outcome is little affected until a high sampling irregularity makes the distribution of force/ displacement data very uneven or sparse (e.g., force/displacement sampled largely at the beginning and end of the interaction).
The observed effects of force modulation point to a new approach to augmenting the perception of stiffness. In many realword applications, it is often a challenge to create rigid, wall-like virtual surfaces or at the other extreme, very soft virtual materials. Our experimental results suggest that subjective stiffness may be augmented by using sinewave forces to increase or reduce the simulated virtual stiffness as desired. To apply this technique, there are still many practical issues to be considered. For example, it remains unclear how successful the model can be extended to describe the multisensory perception of stiffness by touch, vision, and/or audition. Given that temporal asynchrony often exists among different sensory channels, more work is needed to understand how the updating of stiffness estimate can be impacted by intersensory asynchrony and how the influence of asynchrony may be modulated by interaction speed. We will further explore these issues in future studies.
